We introduce the notion of canonical functions, which unify many geometric structures in terms of the graded symplectic geometry. From the analysis of canonical functions, we propose generalizations of differential graded symplectic manifolds such as derived QP manifolds, twisted QP manifolds and QP pairs. These explain the nature of kinds of twisted structures in Poisson geometry and physics. Many known and new geometric structures are derived from canonical functions. As an application, AKSZ sigma models and corresponding boundary theories are constructed from canonical functions. *
Introduction
Recently the graded symplectic geometry [36] [37] has been developed related to new geometric structures and physical theories [29] [10] . A QP manifold (a differential graded symplectic manifold) has been introduced from the analysis of the Batalin-Vilkovisky formalism in the gauge theories [32] .
In this paper, a canonical function, which is a generalization of graded structures in graded symplectic geometry, is defined and analyzed. This idea is inspired by the canonical transformation on a QP manifold, which is also called twisting [30] . Another motivation comes from the theory of AKSZ topological sigma models [3] [9] [31] [18] and the topological open membrane theory in physics [28] [17] . A canonical function describes the boundary structures of the AKSZ sigma models, which have played key roles in derivation of the deformation quantization from the Poisson sigma model [21] [8] . Moreover, it can be viewed as higher analogue of a Poisson function [34] [24] and a generalization of the Dirac structure [12] which is a integrability condition of a substructure on the vector bundle.
A canonical function unifies various concepts above separately analyzed until now. This includes the Lie (2-)algebra, the (twisted or quasi) Poisson structure, the (homotopy) Lie algebroid, the (twisted) Courant algebroid, the Nambu-Poisson structure, and so on. Some of them are demonstrated as examples.
The underlying mathematical structures derived from canonical functions are abundant.
We prove that any QP manifold M of degree n is derived from a canonical function on T * [n + 1]M. This analysis leads naturally to new concepts in graded geometry such as the derived and twisted QP manifolds. A general method to twist a QP manifold is given, which is closely connected to the deformation theory. Some examples are explained to illuminate this twisting process. Moreover we find new interesting geometric structures from canonical functions. As one of them, the strong Courant algebroid is proposed. Roughly speaking, it is a Courant algebroid with a bundle map to a Lie algebroid satisfying some compatible conditions.
A consistent AKSZ sigma model [3] [9] [31] [18] is constructed on a manifold with boundaries using the mathematical structures above. A canonical function guarantees consistency on the bulk and the boundary. Generally some quantum theories on a manifold X in n+1 dimensions has the same structure as the corresponding quantum theories on ∂X in n dimensions [5] .
We prove this bulk-boundary correspondences of the quantum field theories from derived or twisted QP manifolds in the category of AKSZ sigma models.
The paper is organized as follows. In section 2, a canonical function on a QP manifold is defined. In section 3, their mathematical structures are analyzed. In section 4, AKSZ sigma models with boundaries are constructed from canonical functions. In section 5, the bulk-boundary correspondence of the AKSZ sigma models is clarified and some examples are explained. Section 6 is summary and future outlook. Appendix is a brief explanation of construction of the AKSZ sigma models.
Canonical Functions on QP Manifolds
A graded manifold M on a smooth manifold M is a ringed space with a structure sheaf of a nonnegatively graded commutative algebra over an ordinary smooth manifold M. Grading is compatible with supermanifold grading, that is, a variable of even degree is commutative and one of odd degree is anticommutative. M is locally isomorphic to C ∞ (U) ⊗ S · (V ), where U is a local chart on M, V is a graded vector space and S · (V ) is a free graded commutative ring on V . We can refer to [7] [35] for the rigorous mathematical definition of objects in supergeometry.
If grading is assumed to be nonnegative, a graded manifold is called a N-manifold. Grading is called degree.
A N-manifold equipped with a graded symplectic structure ω of degree n is called a Pmanifold of degree n, (M, ω). ω is also called a P-structure. The graded Poisson bracket on C ∞ (M) is defined from the graded symplectic structure ω on M as {f, g} = (−1)
where a Hamiltonian vector field X f is defined by the equation
Let (M, ω) be a P -manifold of degree n. A vector field Q of degree +1 on M is called a Q-structure if this satisfies Q 2 = 0.
is called a QP-manifold of degree n and its structure is called a QP structure, if ω and Q are compatible, that is, L Q ω = 0 [32] .
Q is also called a homological vector field. We assume a Hamiltonian Θ ∈ C ∞ (M) of Q with respect to the graded Poisson bracket {−, −} satisfying
Θ is of degree n + 1. The differential condition, Q 2 = 0, implies that Θ is a solution of the classical master equation,
Θ satisfying (2.2) is also called a homological function.
Let (M, ω, Q) be a QP manifold of degree n and suppose that Q is generated by a Hamiltonian function Θ ∈ C ∞ (M) of degree n + 1. We define an exponential operation e δα ,
Definition 2.2 Let (M, ω, Q = {Θ, −}) be a QP manifold of degree n and α be a function of degree n. e δα is called a canonical transformation if
Now we introduce the notion of a canonical function.
where L is a Lagrangian submanifold with respect to the graded symplectic form ω on M and | L is the restriction on L.
Proposition 2.4
If α is a canonical function on a QP manifold (M, ω, Θ), then e δα is a canonical transformation.
where M is a manifold and g is a Lie algebra. Local coordinates on M, the fiber of T [1]M, and
are (ξ i , p i , u a ), respectively. The following function of degree 3:
is a homological function if {Θ M , Θ H } = 0 and {Θ C , Θ R } = 0. Let H be the 3 form on
Θ is a homological function if and only if H is a closed 3-form on M and R is a closed 3-form associated to the Lie algebra cohomology.
If Θ C = Θ R = Θ H = 0 and ρ = 0, the canonical function equation e δα Θ| L = 0 is equivalent to [π, π] S = −{{Θ, π}, π}| L = 0, which defines a Poisson structure on M. Here
If ρ = 0, the canonical function equation defines a twisted-Poisson structure,
Generally, a canonical function gives a Lie algebroid structure on T M × g analyzed in [27] .
This special kind of canonical function of degree 2 is called a Poisson function in [34] [24].
The n-vector field π ∈ ∧ n T M called a Nambu-Poisson tensor field is defined as π(df 1 , df 2 , · · · , df n ) =
Let us assume 'decomposability' of the Nambu-Poisson tensor. Then a canonical function for the Nambu-Poisson structure is constructed as follows. Let M be a manifold and consider a
are denoted by (x i , v I , p i , w I ) of degree (0, 1, n − 1, n − 2) and conjugate local coordinates of the fiber are (ξ i , u I , q i , z I ) of degree (n, n − 1, 1, 2), respectively, where I = (i 1 , i 2 , · · · , i n−1 ).
A graded symplectic structure of degree n is expressed by ω = δx
A Q-structure function Θ is defined as Θ = −q
We take a function α as
Note that {α, α} = 0. 
Derived QP manifolds
Let us take a QP manifold of degree n + 1 with a canonical function, (
Here M is a N-manifold and α is the constant on the fiber. Therefore α is regarded as a function on M. the following derived bracket defines a bracket {−, −} Θ on C ∞ (M): is a QP manifold of degree n. We call this QP manifold the derived QP manifold.
A pair of (T * 
is homological if dH = 0. A canonical function with respect to the Lagrangian submanifold
In local coordinates, the Lagrangian submanifold is given by
is the Lagrangian submanifold with respect to the reverse canonical transformation of the P-structure ω, which is defined as 
, where E −→ M is a vector bundle on a manifold M. We take local coordinates (
and conjugate local coordinates of the fiber (ξ i , v a , q i ) of degree (3, 2, 1).
A graded symplectic structure of degree 3 is given by ω = δx
Let us consider the following Q-structure satisfying Θ| L = 0:
where k ab is a fiber metric on E. Θ satisfies {Θ, Θ} = 0 if and only if dH = 0, where
We take the following canonical function of degree 3,
function equation e δα Θ| L = 0 derives the following identities: 
A canonical graded symplectic structure of degree 4 is given by
We consider the following Q-structure satisfying Θ| L = 0:
{Θ, Θ} = 0 if and only if dH = 0 and dC = 0, where H =
Let us consider a following function α of degree 4: 
If C = H = 0, the equations above are equivalent to {α, α} Θ = 0. Therefore a derived QP manifold of degree 3, (T
, is obtained. The geometric structure of this QP manifold is a Lie algebroid up to homotopy (the splittable H-twisted Lie algebroid) [19] [15].
In general, we have the following theorem. Let us take a local coordinate q i of degree
. There exists a local coordinate p i of degree |p i | on the fiber of 
This construction derives the equation {{Θ, α}, α}| M = 0 and all the terms Θ| M , {Θ, α}| M , {{{Θ, α}, α}, α}| M , · · · are zero for the canonical Θ. Therefore we obtain
14)
It says that α is a canonical function for Θ.
c More simply we can also choose a Darboux coordinate on M.
Twisted QP Manifolds
In this subsection, we analyze {α, α} Θ = 0 case, where α is a canonical function on a QP
In this case, canonical functions contain many kinds of twisted structures, for example, the twisted-or quasi-Poisson structures and the twisted Courant algebroids. Unification of these structures by graded categories leads us to notion of a twisted QP manifold. 
A pair of (T
The following proposition is an immediate consequence of the definition.
We turn to a typical method to twist a QP manifold. First we take a QP manifold 
Next we consider a deformation of Θ,
. Now we concentrate on the deformation such that the derived P-structure on M is not changed under this deformation,
same function α (Note that α is not a canonical function with respect to Θ now.) is a canonical function with respect to Θ d if 
In this case, we say that (M, ω, α) is twisted by Θ ′ . The first equation is a cohomology condition, while the second one says that Θ ′ is also a Q structure.
The equation QΘ
Remark 3.1 Here we have assumed the condition (b) such that the derived P structure on M is not changed in the twisting process. However, we can consider more general deformations without invariant assumption of the P-structure. Note that the discussion above shows how to twist a known QP manifold, but not all the twisted QP manifolds can be obtained by this way.
We give some illustrative examples of twisted QP manifolds. The twisted-Dorfman bracket is given by the derived-derived bracket on ΓE. Example 3.7 (Twisted QP manifolds of degree n) Let E −→ M be a vector bundle over a manifold M. We take a N-manifold (
and local coordinates of the fiber are (ξ i , v a , q i , z a ) of degree (n, n − 1, 1, 2).
The graded symplectic structure of degree n is given by
d Note that this is not the Courant algebroid twisted by a closed 3-form H.
We define the Lagrangian submanifold as
and the Q-structure satisfying Θ| L = 0 as
{Θ, Θ} = 0 derives dH = 0 and dC(x) = 0, where
(n + 1)-form, and
We take the following canonical function α: 
+(a 0 · · · a n completely skewsymmetric) = 0, (3.20)
Then the derived bracket {−, −} Θ is just the canonical nondegenerate Poisson bracket on
, we can define a bracket on Γ(E ⊗ ∧ n−2 E * ) by the derived-derived bracket:
If C = H = 0, we have {α, α} Θ = 0. From the equations (3.18), (3.19) and (3.20) , the
is a twisted QP manifold. If C = 0, we obtain the twisted higher Dorfman bracket. The Leibniz identity of the Dorfman bracket is broken by an n + 1-form H.
Notion of twisted QP manifolds is applied to physical theories. In next section, we will see that AKSZ sigma models associated to twisted QP manifolds unify AKSZ sigma models and their WZ terms.
Strong Courant Algebroids
Let E and A be two vector bundles on M. We consider a N-manifold M = T * [3] A canonical graded symplectic structure is ω = δx i ∧ δξ i + δu a ∧ δv a + δw p ∧ δz p .
We define a Q-structure function as
where k ab is a fiber metric on E. {Θ, Θ} = 0 is equivalent to the following identities: 
a Lagrangian submanifold with respect to the inverse canonical transformation of the P-
Substituting this equation to Θ| L ′ = 0, we obtain the conditions for the canonical function as follows: Now let us derive the geometric structure defined from this canonical function. Let τ : By equations (3.25) (3.26) and (3.27) for e 1 , e 2 , e 3 ∈ Γ(E) and ξ 1 , ξ 2 ∈ Γ(A * ), we have We call this structure as a strong Courant algebroid. Courant algebroid is naturally a strong Courant algebroid.
From Proposition above, for any strong Courant algebroid, there exits a Courant algebroid associated to it.
Example 3.8 If M is a point, the strong Courant algebroid is a triple (g 1 , g 2 , τ ), where g 1 is a quadratic Lie algebra, g 2 is a Lie algebra and τ is a homomorphism from g 1 to g 2 such that
is an isotropic subspace of g 1 . Any Lie bialgebra is an example of the strong Courant algebroid. 
, and L and d are the Lie derivative and the de Rham differential associated to A.
Example 3.10 Let P be a G-principal bundle over M. Since G acts on T P ⊕ T * P naturally,
we get a bundle
over M by reduction, where the G-invariant sections of T P ⊕ T * P reduce to the sections of the bundle
We define a bundle map τ by the natural projection from 
AKSZ Sigma Models with Boundaries
AKSZ sigma models with boundaries are important applications of canonical functions. Geometric structures of AKSZ sigma models on a base manifold X with boundaries are constructed by a pair of a homological function Θ and a canonical function α.
In n = 1 case, this corresponds to a topological open string and derives a deformation quantization formulae [8] . In n ≥ 2, theories describe topological open membranes [28] [17].
Structures of AKSZ Sigma Models with Boundaries
Let us take a manifold X in n + 1 dimensions with nonempty boundaries. Let (X = For a Q-structure function of the AKSZ sigma model S = S 0 +S 1 , we denote the integrands by ϑ and Θ such that S 0 = X µ ϑ and S 1 = X µ Θ. Boundary conditions on ∂X must be consistent with the QP structure. If X has boundaries, the classical master equation becomes
, where µ ∂X is a boundary measure induced from µ to ∂X . In order to satisfy consistency, ϑ + Θ = 0 is required on the boundary. Therefore we obtain the following theorem. We take Darboux coordinates of superfields with respect to the P-structure ω on Map(X , M).
'Superfields' are pullbacks by x * of local coordinates on M. We denote q
is a map to the base manifold M, and ⌊m⌋ is the floor function which gives the largest integer less than or equals to m. The Poisson brackets of superfields are
and if n =even and i = j = n/2,
where
If we define p a(n/2) = k a(n/2)b(n/2) q a(n/2) , S 0 for odd and even n are unified to
In order to derive the equation of motion of superfields from the variational principle, the variation of S = S 0 + S 1 must vanish on the boundaries. That is, 
Canonical Transformations
We carry out a canonical transformation e δα by α ∈ C ∞ (M) of degree n. This changes a target QP manifold to (M, ω, Θ ′ ), where a Q-structure is Θ ′ = e δα Θ.
For the AKSZ sigma model, though the P-structure does not change, the Q-structure is changed to i.e., α is a canonical function.
From the Canonical Function to the Boundary Term
In the equation (4.34), the change of the Q-structure by the canonical transformation is replaced to the change of the P-structure by the inverse canonical transformation on Map(X , M)
The AKSZ sigma model and its geometric structure in S ′ define the same QP structure as the original S on Map(X , M).
Let us consider a special case that α satisfies {α, α} = 0. Then since e −δα ϑ = ϑ − {ϑ, α}, α generates the so called boundary term, µ ∂X * ev * α as
A canonical function introduces a boundary source generated by α, ∂X µ ∂X ev * α, which generally has a nonzero boundary 'charge'. Physically, this sigma model describes topological open membrane [28] [17] . Though more general canonical functions generate more complicated boundary terms, these provide physically consistent boundary deformations of the AKSZ sigma models.
Bulk-Boundary Correspondence
Generally, a kind of (topological) quantum field theory in n + 1 dimensions on X has the same structure as a quantum field theory in n dimensions on ∂X. In the category of AKSZ sigma models, canonical functions and derived (and twisted) QP manifolds describes this bulk-boundary correspondence.
Let us take a QP manifold of degree n+1 with a canonical function, (T * 37) where ω M,Θ = −δϑ M,Θ .
In the physical argument, by integrating out the auxiliary superfields and restricting (4.36) to the Lagrangian submanifold M, we obtain the Q-structure action (5.37). Therefore (5.37) defined on a derive QP manifold is physically equivalent to (4.36) on the original QP manifold.
Conversely, first we take a QP manifold of degree n, (M, Let us analyze a previous simple case {α, α} = 0. (Note that {−, −} is the bulk Pstructure.) In this case, the correspond bulk Q-structure is expressed by the equation (4.36) .
Then the equivalent boundary Q-structure of the AKSZ sigma model on T [1]∂X is obtained as the following boundary theory plus the WZ term: Let us take a manifold X with a boundary in three dimensions whose boundary is a two dimensional manifold ∂X. The AKSZ sigma model is defined on Map(
where the boldface letters are superfields induced from the pullbacks of corresponding local coordinates. The Q-structure function has the following form:
In order to obtain the equations of motion from the variational principle, we take the variation of S,
The equations of motion of ξ and q is obtained by the integration by parts. Then its boundary terms −ξ i dδx i + q i dδp i , must vanish:
This derives boundary conditions. The equation ( 
Due to the boundary conditions ξ //i = 0 and q i // = 0, the first two terms corresponding to ϑ of the right hand side vanish on the boundary:
Therefore the last two terms corresponding Θ terms in the equation (5.42) must vanish: Next we introduce α. The Q-structure is modified by introducing a canonical function α
This is the twisted-Poisson structure case.
The Q-structure changes to
e Their hybrid boundary conditions are also possible.
The boundary term changes boundary conditions. The variation δS changes to
Since these terms must vanish, consistent boundary conditions are as follows:
{S, S} = 0 requires one another consistency condition, i.e. the integrand of S 1 is zero on the boundary:
Similarly, (5.46) and (5.47) can be expressed by the condition on
Since we use a Q-structure function 4.36, the graded symplectic form is twisted by e −δα in a target QP manifold T * [2] M. This condition is
on the Lagrangian submanifold M ′ defined by
This condition corresponds to Proposition 4.3. Substituting (5.49) to (5.48), we obtain the geometric structure on M ′ : 
structures in Poisson geometry including the Courant-like algebroids and so on [22] . In order to understand complete structures, we must consider general deformation theory of QP manifolds and canonical functions.
The quantization of the AKSZ sigma models with boundaries is important and considered as next progress. This will not only describe the quantum membrane theories as a physical application but also 'quantize' a wide class of geometric structures.
All the examples derived from canonical functions in this paper are geometric. If we consider a QP manifold and a canonical function over a point, we will derive kinds of algebraic structures. We leave discussion about these questions to future work.
Appendix. AKSZ Construction of Topological Sigma Models
There exists a systematic method to construct a topological sigma model from a differential graded symplectic manifold (a QP manifold), which is called the AKSZ construction where v is a vector field on X and X µ is the Berezin integration on X . The composition
is called the transgression map.
A P-structure (a graded symplectic structure) on Map(X , M) is defined as follows:
Definition 6.1 For a graded symplectic form ω on M, a graded symplectic form ω on Map(X , M) is defined as ω := µ * ev * ω.
ω is nondegenerate and closed because µ * ev * preserves nondegeneracy and closedness. ω defines a graded Poisson bracket {−, −} on Map(X , M).
Next a Q-structure (a differential) S on Map(X , M) is constructed. S consists of two parts S = S 0 + S 1 . We take a fundamental form ϑ for a P-structure on M such that ω = −δϑ and define S 0 := ιDµ * ev * ϑ. For a Q-structure Θ on M, S 1 is constructed as S 1 := µ * ev * Θ.
It is proved that S is a Q-structure on Map(X , M): 
